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Abstract

We give a rigorous comparison of the asymptotic stochastic averaging method and the moment Lyapunov exponent

approach in assessing the mean-square stability through an example of a single-degree-of-freedom system under small

periodic parametric excitation with random phase modulation. The comparison is based on an efficient numerical

procedure to determine the regions of mean-square stability.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Consider the system, governed by the following dimensionless equation:

€yþ 2b _yþ O2½1þ xðtÞ�y ¼ 0; t40, (1)

where b is a small viscous damping constant, O is a natural frequency of the system, and xðtÞ is a random
parametric excitation. Such a system is often encountered in mechanics (see, e.g., Refs. [1–3]). The random
excitation xðtÞ is of the form

xðtÞ ¼ l sin½yþ otþ awðtÞ�, (2)

where wðtÞ is a standard Wiener process, y is a uniformly distributed on ½0; 2p� random variable independent of
wðtÞ and l, o, a are deterministic parameters. Recently, the random excitation (2) with either the sine or cosine
function have been intensively used in many investigations (see, e.g., Refs. [2–11]) because it is a realistic model
of random fluctuations. For example, systems (1), (2) are used in certain problems of aeroelasticity [12] and in
structural dynamical problems with travelling loadings, having certain imperfect spatial periodicity [4]. The
stability for systems (1), (2) are a topic of considerable interest. There are different notions of the stability for
dynamical systems with random excitations. The mean-square asymptotic stability for system (1) implies that
the second moments of the solutions of Eq. (1) tend to zero as t!1. This notion plays an important role in
applications (see a discussion in Ref. [2]).
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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Suppose that the excitation amplitude l is small compared with unity. Using the asymptotic averaging
method in the mean-square stability the following approximate formula for the critical excitation amplitude
was obtained in Refs. [4,5]:

l1 ¼
4b
O

1þ
d21
4b2

� �1=2

1þ
4a2ð4b2 þ ba2 � d21Þ

bð16b3 þ 4bd21 þ 4b2a2 þ a2d21Þ

 !1=2

, (3)

where d1 ¼ 2O� o. It means that system (1) is mean-square stable if lol1 and unstable if l4l1. On the other
hand, the following approximate formula for the critical excitation amplitude follows from Eqs. (8), (19), (31),
(37) of Ref. [9]:

l2 ¼
8b½ð2þ d2oÞ

2
þ a4d22=4�½ð2� d2oÞ

2
þ a4d22=4�

O4d42a2ð4þ d22o2 þ a4d22=4Þ

 !1=2

, (4)

where d2 ¼ 1=ðO2 � b2Þ1=2.
This formula was obtained by the moment Lyapunov exponent method.
In the note we give a rigorous comparison of these approximations near the principal parametric resonant

value o ¼ 2O using numerical computations. An efficient numerical method is applied for this purpose which
is based on a closure of hierarchy for the second moments. It is shown that formulae (3) and (4) are good
approximations in the case of narrow-band excitation (a is small) and wide-band excitation (a is large),
respectively.
2. Hierarchy for the second moments

According to Eq. (1) the vector

xðtÞ:¼fð _yðtÞÞ2; yðtÞ _yðtÞ; y2ðtÞgT

satisfies the following equation in R3:

_x ¼ Axþ xðtÞBx; t40, (5)

where

A ¼

�4b �2O2 0

1 �2b �O2

0 2 0

0
B@

1
CA; B ¼

0 �2O2 0

0 0 �O2

0 0 0

0
B@

1
CA.

The solution of Eq. (5) is a functional of the Wiener process and therefore we shall write xðtÞ ¼ xðt;wðsÞÞ.
Using the Cameron–Martin formula for the density of the Wiener measure under translation [13,14] we
deduce that for all nonrandom g,

E½expfigwðtÞgxðt;wðsÞÞ� ¼ exp �
g2t

2

� �
E½xðt;wðsÞ þ igsÞ�; i ¼

ffiffiffiffiffiffiffi
�1
p

. (6)

Since

sinðyþ otþ awðtÞÞ ¼
expfiyþ iotþ iawðtÞg � expf�iy� iot� iawðtÞg

2i
,

we use Eq. (6) to obtain

dE½xðtÞ�

dt
¼ AE½xðtÞ� þ

l
2i
exp

�a2t
2
þ iot

� �
BE½eiyxðt;wðsÞ þ iasÞ�

�
l
2i
exp

�a2t

2
� iot

� �
BE½e�iyxðt;wðsÞ � iasÞ�,



ARTICLE IN PRESS
R.V. Bobryk / Journal of Sound and Vibration 305 (2007) 317–321 319
dE½e�ikyxðt;wðsÞ � ikasÞ�

dt

¼ AE½e�ikyxðt;wðsÞ � ikasÞ�

þ
l
2i
B exp

�a2t
2
� ka2tþ iot

� �
E½e�ikyþiyxðt;wðsÞ � ikasþ iasÞ�

�
l
2i
B exp

�a2t
2
� ka2t� iot

� �
E½e�iky�iyxðt;wðsÞ � ikas� iasÞ�; k ¼ 1; 2; 3; . . . . ð7Þ

Let

ukðtÞ:¼
1

ð2iÞk
exp iko�

k2a2t
2

� �
E½eikyxðt;wðsÞ þ ikasÞ�,

vkðtÞ:¼
1

ð�2iÞk
exp �iko�

k2a2t
2

� �
E½e�ikyxðt;wðsÞ � ikasÞ�; k ¼ 1; 2; 3; . . . .

Then Eqs. (7) lead to the following infinite hierarchy of linear differential equations for the mean E½xðtÞ�:

dE½xðtÞ�

dt
¼ AE½xðtÞ� þ lBðu1ðtÞ þ v1ðtÞÞ,

du1

dt
¼ �

a2

2
þ io

� �
u1 þ Au1 þ lBu2 þ

l
4
BE½xðtÞ�,

dv1

dt
¼ �

a2

2
� io

� �
v1 þ Av1 þ lBv2 þ

l
4
BE½xðtÞ�,

duk

dt
¼ �

k2a2

2
þ iko

� �
uk þ Auk þ lBukþ1 þ

l
4
Buk�1,

dvk

dt
¼ �

k2a2

2
� iko

� �
vk þ Avk þ lBvkþ1 þ

l
4
Bvk�1; k ¼ 2; 3; . . . ,

E½xð0Þ� ¼ xð0Þ; ukð0Þ ¼ vkð0Þ ¼ 0; k ¼ 1; 2; 3; . . . . (8)

Note that for excitation (2) without phase y the same argument gives the previous hierarchy but with different
initial conditions, namely ukð0Þ ¼ xð0Þ=ð2iÞk; vkð0Þ ¼ xð0Þ=ð�2iÞk, k ¼ 1; 2; 3; . . . : If we have the cosine
instead of the sine function in excitation (2), then one can easily convince that we obtain again hierarchy (7),
where

ukðtÞ:¼
1

2k
exp iko�

k2a2t

2

� �
E½eikyxðt;wðsÞ þ ikasÞ�,

vkðtÞ:¼
1

2k
exp �iko�

k2a2t

2

� �
E½e�ikyxðt;wðsÞ � ikasÞ�; k ¼ 1; 2; 3; . . . .

Similar hierarchy was obtained earlier in Ref. [15], when excitation (2) is some Gaussian random process.
A natural way to close hierarchy (8) consists in neglecting the terms unþ1, vnþ1 in the equations for un, vn.

Then the index n is called the truncation index. After applying this procedure we obtain the closed system of
linear differential equations of first order with constant coefficients. It is well-known that we have the
asymptotic stability for the system if and only if the matrix of its coefficients has all eigenvalues with negative
real parts. For sufficiently large truncation index, the asymptotic stability or instability of this system
determines the mean-square stability or instability for system (1). This fact can be proved in a similar way as in
Ref. [11], where the random excitation has form xðtÞ ¼ l sin½awðtÞ�.
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3. Stability regions

The eigenvalues were computed with Mathematica for the matrix of coefficients of the closed system with
truncation index n ¼ 20. The mean-square stability curves in ðo; lÞ—parameter space are shown in Fig. 1 (the
solid lines) for different values of the excitation parameter a in the case O ¼ 1, b ¼ 0:005 near the principal
resonance frequency o ¼ 2. The eigenvalues were computed over a 600� 1200 grid of equally spaced points
ranging from 1:7pop2:3 to 0plp1:2. The accuracy of the computations is high: the differences of the real
parts of the eigenvalues obtained for the truncation index n ¼ 20 and 50 do not exceed 10�7. This fact can be
explained by rapid convergence of the closure procedure for the hierarchy (see Ref. [16]). In Fig. 1 we also
show the plots of the critical excitation amplitude obtained from Eq. (3) (the dotted lines) and from Eq. (4)
(the dashed lines).

It follows from Fig. 1(a) that for a ¼ 0:05 the critical curve obtained from the computations coincides
with the critical excitation amplitude curve obtained from Eq. (3) but it is inconsistent with the curve
obtained from Eq. (4). We have almost full coincidence in the case a ¼ 0:5, (Fig. 1(b)). Further growth of the
excitation parameter a leads to the coincidence the computations with Eq. (4), but we have noncoincidence
with Eq. (3), (Fig. 1(c), (d)). It is interesting to note that we have the coincidence of the computations
with Eq. (4) even in the case of not small amplitude l (see Fig. 1(d)). The computations and Eqs. (3) and
(4) both confirm the stabilization effect near the principal resonance frequency with increasing a.
Unfortunately, the effect is observed only near this value. In Fig. 2 we display the stability curves based
on the computations with truncation index n ¼ 40 which show that the destabilizing effect is seen away
from the principal resonance frequency. One can also observe the higher-order resonant tongues
if a ¼ 0:05. These tongues are not observed from Eqs. (3) and (4) because these equations are obtained
with assumption l51.
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Fig. 1. Mean-square stability curves (the solid lines) to system (1) with excitation (2) near the principal parametric resonance for the values

O ¼ 1 and b ¼ 0:005. The dotted and the dashed lines correspond to Eqs. (3) and (4), respectively. In (a) a ¼ 0:05; (b) a ¼ 0:5; (c) a ¼ 2; (d)

a ¼ 10.
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Fig. 2. Mean-square stability curves (the solid lines) to system (1) with excitation (2) for the values O ¼ 1, b ¼ 0:005 and o 2 ½0; 3�. The
dotted and the dashed lines correspond to Eqs. (3) and (4), respectively. In (a) a ¼ 0:05; (b) a ¼ 2.
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4. Conclusions

In this note, we have investigated the mean-square stability for single-degree-of-freedom system under the
periodic parametric excitation with random phase modulation. Two known approximate approaches are
compared with precise numerical computations. It is shown that the approach based on Eq. (3) can be
considered as a good approximation for the stability curve in the case of narrow-band excitation but the
approach based on Eq. (4) gives a good approximation in the case of wide-band excitation.
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